In the present paper, we investigate the problem of approximating the Riemann-Stieltjes integral b a f (λ) du(λ) in the case when the integrand f is n-time differentiable and the derivative f (n) is either of locally bounded variation, or Lipschitzian on an interval incorporating [a, b]. A priory error bounds for several classes of integrators u and applications in approximating the finite Laplace-Stieltjes transform and the finite Fourier-Stieltjes sine and cosine transforms are provided as well. MSC: 41A51; 26D15; 26D10
Introduction
The concept of Riemann-Stieltjes integral 
provided that the involved integrals exist. In the particular case when u(t) = t, t ∈ 
Some representation results
In this section, we establish some representation results for the Riemann-Stieltjes integral when the integrand is n-times differentiable and the integrator is of locally bounded variation. Several particular cases of interest are considered as well. 
Theorem 
where
and the remainder R n (f , u, a, c, b) can be represented as Proof Under the assumption of the theorem, we utilize the following Taylor's representation
that holds for any c ∈ [a, b] and n ≥ . The integral in (.) is taken in the Riemann-Stieltjes sense.
We can prove this equality by induction. Indeed, for n = , we have
that holds for any function of locally bounded variation onI. Now, assume that (.) is true for an n ≥  and let us prove that it holds for 'n + ' , namely
provided that the function f : I → C is (n + )-times differentiable on the interiorI of the interval I and the (n + )-th derivative f (n+) is of locally bounded variation onI.
Utilizing the integration by parts formula for the Riemann-Stieltjes integral and the reduction of the Riemann-Stieltjes integral to a Riemann integral (see, for instance, []) we have:
which inserted in the last part of (.) provides the equality
We observe that, by division with (n + )!, the equality (.) becomes the desired representation (.). http://www.journalofinequalitiesandapplications.com/content/2013/1/154
Further on, from the identity (.) we obtain
Utilizing the integration by parts formula, we have for
and by (.) the representation (.) is thus obtained. This completes the proof.
Remark  Assume that the function f : I → C is n-times differentiable on the interiorI of the interval I (n ≥ ) and the nth derivative f (n) is of locally bounded variation onI. If
, then, by choosing c = a in the formulae above we have
Now, if we choose c = a+b  , then we have
Finally, if we choose c = b, then we have
and the remainder
Making use of (.) we get
Error bounds
In order to provide sharp error bounds in the approximation rules outlined above, we need the following well-known lemma concerning sharp estimates for the Riemann-Stieltjes integral for various pairs of integrands and integrators (see, for instance, [] 
All the above inequalities are sharp in the sense that there are examples of functions for which each equality case is realized. 
Utilizing this result concerning bounds for the Riemann-Stieltjes integral, we can provide the following error bounds in approximating the integral b a f (λ) du(λ).

Theorem  Assume that the function f : I → C is n-times differentiable on the interiorI of the interval I (n ≥ ) and the nth derivative f
R n (f , u, a, c, b) ≤  n!   (b -a) + c - a + b  n b a f (n) b a (u), (.) for any c ∈ [a, b].
If the nth derivative f (n) is Lipschitzian with the constant L n >  on [a, b], then we have
Proof Utilizing the property (i) from Lemma , we have successively
By the property (i) from Lemma  applied for f (n) we have for c < λ that
and for c > λ that
Therefore,
Utilizing (.) and (.), we deduce the desired inequality (.). By the property (ii) from Lemma  applied for f (n) , we have that
, which produces the bound
Utilizing (.) and (.), we deduce the desired inequality (.).
The best error bounds we can get from Theorem  are as follows.
Corollary  Under the assumptions of Theorem  we have the representation
b a f (λ) du(λ) = M n (f , u, a, b) + M R n (f , u, a, b), (.) where M n (f , u, a, b) is defined in (.) and the error M R n (f , u, a, b) satisfies the bound M R n (f , u, a, b) ≤   n n! (b -a) n b a f (n) b a (u). (.)
Moreover, if the nth derivative f (n) is Lipschitzian with the constant L n >  on [a, b], then
we have
The case of Lipschitzian integrators may be of interest as well and will be considered in the following. 
Theorem  Assume that the function f : I → C is n-times differentiable on the interiorI of the interval I (n ≥
Proof Utilizing the property (ii) from Lemma , we have successively
By the property (i) from Lemma  applied for f (n) , we have for c < λ that
which gives that
Making use of (.) and (.) we deduce the desired inequality (.). By the property (ii) from Lemma  applied for f (n) we have that
Utilizing (.) and (.), we deduce the desired inequality (.). http://www.journalofinequalitiesandapplications.com/content/2013/1/154
The following particular case provides the best error bounds. 
Corollary  Under the assumptions of Theorem
Applications
. We consider the following finite Laplace-Stieltjes transform defined by We observe that the function f s has derivatives of all orders and
We also observe that
To simplify the notations, we denote by c;u (t) = u k cos utkπ  for any u ∈ R and k ≥ .
